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Abstract: %UHDNWKURXJKFXUYHV%7&VREWDLQHGIURPFROXPQWHVWVLQKHWHURJHQHRXVVRLOVDUHQRWVDWLVIDFWRULO\
VLPXODWHGZLWKWKHDGYHFWLRQGLVSHUVLRQHTXDWLRQ$'(IRUVRPHKHDY\WDLOHGFDVHV)XUWKHUPRUHWKHGLVSHUVLRQ
FRHI¿FLHQWFDOFXODWHGZLWKWKH$'(LVVFDOHGHSHQGHQW,QWKLVWH[WZHFRPSDUHWKHXVDJHRIDIUDFWLRQDO$'(
)$'( DQG WKH FODVVLFDO$'( WR ¿W FROXPQ WHVWV %7&VPDGH ZLWK %UD]LOLDQ ODWHULWLF VRLOV GLVFXVVLQJ ERWK
FRQWDPLQDQW WUDQVSRUW WKHRULHV7KH)$'(PRUHDFFXUDWHO\ VLPXODWHVKHDY\ WDLOHG%7&V DQGE\ VLPXODWLQJD
IDVWHUGLVSHUVLRQUDWHUHGXFHVVFDOHGHSHQGHQF\
KeywordsIUDFWLRQDOFDOFXOXVFRQWDPLQDQWWUDQVSRUWWURSLFDOODWHULWLFVRLOV
1. Introdução
2GLIXQGLGRXVRGRPRGHORFOiVVLFRGHWUDQVSRUWHGHFRQWDPLQDQWHWURX[HREVHUYDo}HVLQGHVHMiYHLVDR
XVRGRPHVPR3DFKHSVN\HWDOOLVWDPSXEOLFDo}HVRQGHpREVHUYDGDDGHSHQGrQFLDGRFRH¿FLHQWHGHGLV-
SHUVmRjHVFDODGRSUREOHPDHRGHVYLRGRIRUPDWRGHVLJPRLGHLGHDOVLPXODGRSHORPRGHORHPFXUYDVGHHOXLomR
H[SHULPHQWDLVSULQFLSDOPHQWHDSRUomRLQLFLDOH¿QDOGDVFXUYDVRXD³FDXGD´
1HVWHWUDEDOKRHVWXGRXVHXPDDERUGDJHPIUDFLRQiULDDRWUDQVSRUWHGHFRQWDPLQDQWHVQDOLQKDGH7DUD-
VRYTXHHVFUHYHTXHRXVRGHLQWHJUDo}HVHGHULYDo}HVIUDFLRQiULDVVHGiQDJHQHUDOL]DomRGHHTXDo}HVTXH
GHVFUHYHPPHLRVPDLVFRPSOH[RVFRPRREMHWLYRGHGHVFUHYHURVSURFHVVRVGLQkPLFRVTXHRFRUUHPQRVPHVPRV
2. Materiais e Métodos
2.1. O Modelo Clássico
2PRGHORDPSODPHQWHXWLOL]DGRSDUDVLPXODURWUDQVSRUWHGHFRQWDPLQDQWHVHPPHLRSRURVRDTXLGHQR-
PLQDGRGHPRGHORFOiVVLFRpIXQGDPHQWDGRQD$'(DGYHFWLRQGLVSHUVLRQHTXDWLRQGDGDHPXPDGLPHQVmRSRU
  

RQGHFpDFRQFHQWUDomRGHVROXWR>0/@YpDYHORFLGDGHOLQHDUPpGLD>/7@[pRGRPtQLRHVSDFLDO
>/@WpRWHPSR>7@H'
H
pRFRH¿FLHQWHGH'LVSHUVmRKLGURGLQkPLFR>/7@$$'(WHPVROXomRSDUD
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FRQGLomRLQLFLDOHGHFRQWRUQRGRWLSRIRQWHSRQWXDOF[ HFW[ REWLGDDWUDYpVGHWUDQV-
IRUPDGDGH)RXULHU
  
FXMDWUDQVIRUPDGDLQYHUVDpDIXQomRGHGHQVLGDGHSUREDELOtVWLFDGHXPDGLVWULEXLomRQRUPDORXJDXV-
VLDQDFRPPHGLDYWHGHVYLRSDGUmR  HD t $VVLPD$'(VLPXODDGLVSHUVmRGHSDUWtFXODVGHFRQWDPLQDQWHVSURSRUFLRQDOPHQWHDWFKDPDGDHQWmR
GH³QRUPDO´RX)LFNLDQD6FKXPHUHWDOPRVWUDDWUDYpVGHXPPRGHORGHrandom walk,TXHDVROXomRGD
$'(GDGDDFLPDVLPXODDPRYLPHQWDomRGHSDUWtFXODVGHDFRUGRFRPRPRYLPHQWR%URZQLDQR)LJXUD
)LJXUDDMovimento Browniano como o limite de escala de um random walkVLPpWULFRSDUD
SDVVRVHEDFRUUHVSRQGHQWHFRQFHQWUDomRGHSDUWtFXODVQRWHPSRVVHV
2.2. O Modelo Fracionário
$LQFOXVmRGRFiOFXORIUDFLRQiULRQRPRGHORGHWUDQVSRUWHSDUWHSHODDGRomRGD/HLGH)LFNIUDFLRQiULD
3DUDGLVLHWDO6FKXPHUHWDO
  

RQGH'ĮpDGHULYDGDIUDFLRQiULDGHRUGHPĮH'IRFRH¿FLHQWHGHGLVSHUVmRKLGURGLQkPLFDIUDFLRQiULRGHXQLGDGH>/Į7@6XEVWLWXLQGRD(T QDPHVPDHTXDomRGHFRQWLQXLGDGHQFW GLY)TXHGi
RULJHPD$'(WHPVH6FKXPHUHWDO
  

$)$'(IUDFWLRQDODGYHFWLRQGLVSHUVLRQHTXDWLRQHPXPDGLPHQVmRFRQWHQGRWHUPRGLVSHUVLYRFRP
GHULYDGDHVSDFLDOIUDFLRQiULDGHRUGHPĮ%HQVRQUHHVFUHYHD)$'(GDVHJXLQWHIRUPD
  

LQFOXLQGRRSDUkPHWURGHDVVLPHWULDȕ1RWDVHTXHVHȕ D(TUHWRUQDD(THVHĮ D
)$'((TUHWRUQDD$'((T
$6ROXomRGD)$'(SDUDFRQGLomRLQLFLDOHGHFRQWRUQRGRWLSRIRQWHSRQWXDOF[ HFW[ 
WDPEpPpREWLGDSRUWUDQVIRUPDGDGH)RXULHU%HQVRQ
 

(VWDVROXomRQmRSRVVXLWUDQVIRUPDGDLQYHUVDTXHSRVVDVHUH[SUHVVDDQDOLWLFDPHQWHSRUpPUHVFUHYHQGR
HPIRUPDGHIXQomRFDUDFWHUtVWLFD)>IN@ ĳNLHVXEVWLWXLQGRNSRUNFKHJDVHQDIXQomRFDUDFWHUtVWLFDGH
siagro-2014.indb   590 16/12/14   18:32
 UMA ABORDAGEM COM CÁLCULO FRACIONÁRIO AO TRANSPORTE DE… 591
XPDGLVWULEXLomR stable 1RODQ  RXĮVWDEOH FRPSDUkPHWURGH ORFDOL]DomRį YW HSDUkPHWURGH HVFDOD
3DUDĮ UHFXSHUDVHD(T
$GLVSHUVmRGHSDUWtFXODVVLPXODGDSHOD)$'(pFKDPDGDGHQmR)LFNLDQDRX³VXSHUGLVSHUVmR´SRLVR
HVSDOKDPHQWRGHSDUWtFXODVpGDGRPDLVDFHOHUDGDPHQWHHSURSRUFLRQDODWĮ'DPHVPDIRUPDTXHSDUDD$'(
6FKXPHUHWDOPRVWUDDWUDYpVGHXPPRGHORGHrandom walk,TXHDVROXomRGD)$'(GDGDDFLPDVLPXOD
DPRYLPHQWDomRGHSDUWtFXODVGHDFRUGRFRPRPRGHORDQ{PDORGR/pY\)OLJKW)LJXUD
)LJXUD D/pY\ÀLJKW como o limite de escala de um random walk com probabilida seguindo uma 
GLVWULEXLomRGH&DXFK\SDUDSDVVRVE$FRQFHQWUDomRGHSDUWtFXODVGR/pY\ÀLJKWSDUDĮ 'LVWULEXLomR
QRUPDORX$'(Į HĮ 
2.3. Metodologia
$¿PGHFRPSDUDURXVRGD)$'(H$'(SDUDVLPXODUFXUYDVGHHOXLomRUHDLVRVHQVDLRVHPFROXQDFRP
VRORVODWHUtWLFRVIHLWRVSRU&DUYDOKRIRUDPVHOHFLRQDGRVSHODVXD¿DELOLGDGHHUHOHYkQFLDJHRJUi¿FD1HVWHV
HVWXGRVXPVRORWURSLFDOODWHUtWLFRIRLREWLGRDSDUWLUGHXPDWHUURVDQLWiULRORFDOL]DGRHP0LQDV*HUDLV%UDVLO
8WLOL]RXVHGXDVDPRVWUDVLQGHIRUPDGDVGHVRORin situXPDH[WUDtGDDPGHSURIXQGLGDGHHRXWUDDP
2PpWRGRGRVPtQLPRVTXDGUDGRV004IRLXVDGRSDUDDMXVWDUDVFXUYDVGHHOXLomRH[SHULPHQWDLV
UHVXOWDQWHV3DUDXPDYHORFLGDGHGHÀX[Rv¿[DGHWHUPLQDGDSHORVHQVDLRVIRLFULDGRXPDOJRULWPRQRVRIWZDUH
:ROIUDP0DWKHPDWLFDSDUDPLQLPL]DURHUURGDVRPDGRTXDGUDGRGDVGLIHUHQoDVHQWUHRVGDGRVH[SHULPHQWDLVH
DVFXUYDVFDOFXODGDVWHRULFDPHQWHSRUFDGDPRGHORPDWHPiWLFRREWHQGRVHDVVLPRSDUkPHWURVDMXVWDGRVD
H
 para 
RPRGHORFOiVVLFRHDIHĮSDUDRPRGHORIUDFLRQiULR0RUDHVH&DYDOFDQWH
3. Resultados e Discussão
$)LJXUDPRVWUDRVUHVXOWDGRVGRDMXVWHGDVFXUYDVGHHOXLomRH[SHULPHQWDLVXWLOL]DQGRRPRGHORFOiV-
VLFRHIUDFLRQiULRSRUPHLRGRPpWRGR004FRPRGHVFULWRDFLPD$7DEHODFRPSDUDRVSDUkPHWURVDMXVWDGRV
GDVFXUYDVPRVWUDGDVQD)LJXUD
$H¿FLrQFLDGD)$'(HPVLPXODURVUHVXOWDGRVGRVHQVDLRVHPFROXQDpPDLRUGRTXHDGD$'(TXDQGR
RVYDORUHVFDOFXODGRVGHĮVHDSUR[LPDPGROLPLWHLQIHULRUĮ3DUDYDORUHVSUy[LPRVGROLPLWHVXSHULRUĮ 
RQGHRVPRGHORVFRLQFLGHPD)$'(PRVWUDPHQRUPHOKRULDFRUUHVSRQGHQWHDRFRH¿FLHQWHGHGHWHUPLQDomRGH
FDGDPRGHOR7DEHOD
2VUHVXOWDGRVGRDMXVWHDFLPDLQGLFDPTXHDVDPRVWUDVin situHVWDQGRHPHVWDGRQDWXUDOHLQGHIRUPDGR
UHSUHVHQWDPXPPDWHULDOPDLVFRPSOH[RHKHWHURJrQHRUHVXOWDQGRHPXPFDPSRGHYHORFLGDGHGHÀX[RFRP
HOHYDGDYDULkQFLDHJHUDQGRXPDPDLRUGLVSHUVmRGHSDUWtFXODVGHFRQWDPLQDQWHVRXXPDVXSHUGLVSHUVmRORJRR
EDL[RtQGLFHGHGHULYDomRĮHJUDQGHDXPHQWRQRFRH¿FLHQWHGHGLVSHUVmR$DPRVWUDin situPDLVSURIXQGDDSUH-
VHQWRXXPDRUGHPGHGHULYDomRXPSRXFRPDLVFRQVHUYDGRUDHPUHODomRjGHPGHSURIXQGLGDGHGHYLGRDR
PDWHULDOFRPYD]LRVQDWXUDOPHQWHPDLVRUJDQL]DGRVHPSURIXQGLGDGHVPDLRUHV
                                                               
)LJXUDD$MXVWHGRHQVDLRHPFROXQDFRPVRORin situPHFiGPLRE$MXVWHGRHQVDLRHPFROXQD
com solo in situPHFKXPERF$MXVWHGRHQVDLRHPFROXQDFRPVRORFRPSDFWDGRFiGPLR)$'(/LQKDV
FRQWtQXDV$'(OLQKDVWUDFHMDGDV
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7DEHOD&RPSDUDomRGRDMXVWHGRVSRQWRVH[SHULPHQWDLVSHOD$'(H)$'(
Amostra Į DI DH $'(5 )$'(5)LJXUDD Pin situ &G    
)LJXUDE Pin situ 3E    
4. Conclusões
 2PRGHORPDWHPiWLFR IUDFLRQiULR GH WUDQVSRUWH GH FRQWDPLQDQWHV IXQGDPHQWDGR QD )$'( TXH WHP
FRPRVROXomRDGHQVLGDGHGHXPDGLVWULEXLomRstableHVWiYHOGDTXDODGLVWULEXLomRJDXVVLDQDUHVXOWDQWHGD$'(
pXPFDVRHVSHFL¿FRDSUHVHQWRXXPDMXVWHPDLVSUHFLVRHPUHODomRDHQVDLRVHPFROXQDIHLWRVFRPVRORVWURSLFDLV
ODWHUtWLFRVEUDVLOHLURVH[FHWRTXDQGRRtQGLFHGHGHULYDomRĮVHDSUR[LPRXGHSRQWRRQGHRVPRGHORVFOiVVLFR
HIUDFLRQiULRVHLJXDODP
$VVLPRWUDEDOKRDTXLDSUHVHQWDGRFRQWULEXLSDUDDUDWL¿FDomRGDH¿FLrQFLDGRPRGHORIUDFLRQiULRRX
GD)$'(HPPHOKRUVLPXODURWUDQVSRUWHGHVROXWRVHPPHLRVKHWHURJrQHRVLQFOXLQGRVRORVWURSLFDLVEUDVLOHLURV
RQGHDGLVSHUVmRGHSDUWtFXODVSHORPHVPRpPDLV¿HOPHQWHUHSUHVHQWDGDSHORPRYLPHQWRDOHDWyULRGHVFULWRQR
Levy FlightHPFRPSDUDomRFRPRPRYLPHQWRBrownianoGHVFULWRSHOD$'(HFRQVHTXHQWHPHQWHRPRGHORFOiV-
VLFR
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